SCA) LK) P A )Ty < EAYE,

g
= APy 2 EAY (K= CA) R,
P, = EAT KD

ond we hape
A*@f—A'qF_—{A’L—A")I-;h =0
note: it we sef \/,\,lf)zlf(f""’) then we see satiches
M) V) an varwint of isofopy class of K
gy ¢ -tV - (¢"-¢ %) Vko: 0
) Yoot =%
e, Vs the Joes /o/)momm?/ /
and vow we hoow it is well-defied !
E. A/fefnafmj [ ks
a kaot diagram D 5 called a/fvnaﬁh/q (F over and vadey
C/OSSI';ljﬁ alternate as you Trayesse the kAot

@)alﬂ’/naﬁw;j @ not a/ﬁ/ﬂaﬁ)}c
G

@ =

a lvik s a/fc/na ﬁyijq F 1t bas an alterna ﬁrij a(za'f/czm

an a/fc/naﬁm'/ o/m/'am;m s called reduced F tere i
no embadded circle v R* ///"n‘e/fecz‘w;/ the 0((0'7/ama
‘hfansvmsefy one tuwre at a crossing

Sl
ot ot o



exercse: Show fF D (5 ann a/z‘e/ﬂaﬁ/’f a{(djmm and It z;c “uot )
reduced thes a spvence of “Flps" as above will gue
a diagram that (s seduced and alternatiig (wth fewe~

Cross M7 5)

h <1890 Tait conjectured the fallowus o results
[aud a 3%)
Ths5:

I) I L has a reduced alterna g dagram D thea for any
other o‘zdﬁv‘am D' for L

H# cmssmj; oAD' 24 cro;smf; of D
i )oa/"h'(,a(a/ L knotted ! (valess D has no cro;,cm/o;)

K) /7[ D a/m/ 0,6?/57 reduced a/ff’/ﬂafm‘j o/m‘//am: for an
orrented ik L then o (D)= (D)

Thee ore Aumau}/ / with o more work we hnow

O @) CSD and @ are ddferent

by T)
and * ’ (“)D
@C’“’) :} Gnd r%)/:y oye SAcffereat b y T [
N Ik s dait

Kework:
) L uef trve i gen eal

cach hag [0 crosﬂm-yg (“1016;{ "“"{ “Iozez
but knots f;oﬁy)[a , ['f"y o show *"U>




these koot we 1‘@(0(7141‘ for decatedes to .k@ p{(#e/&/ﬁc

then Ferko i (770 showed ﬂre/ Wese o
6&«46! called we FPerto Faur

2) above theorew was pron 4 9505 aftr the
7{66006\7 o7£ the Jones /m[ydwozm}/
Pover L?/ /(aa#man/ //{u/‘a;¢/71'/ aund Thestlethacte
(u}m(goe/m[em‘& /)
We wil prove T, but L is sameuhat swiilor
(W‘O“jlft need bettr /po(ynomm' / , see
lecture 5:/”/:&1@:/)?)

ﬁeca// for a state s of a diagram D

\/\ x($) = nomber of A-smoo'fﬁl"’l/f of s
A:/ ], b ﬁ[s): VlVM,é‘ef of 5-5;14001%::}:/5 of S
W R sl = number of components of s
ama, < D> - Z AoUS) - B06s) (-A'ZI/\-L) Ist=1
al| stafes

5of D
Jet 3, Le the state wietth all A'Smoofﬁfm'fj and 5% simclo fo- B

call a 0((.47/2:(“/: D, A -adeqvate [:F
{ ¥ ,>,$} 1€. 5v(1‘CL1- one 2
A ‘ / crossisg fo a
bor oll sttes s cith  26)=«(,)- |
£mh;/a/{y 0’@6,43 g—-qo/e?(/m%

call D adeguate F o botth A and B aapetfc/tzfe

Jepmma b
| A reduesl alervating a(rée7mm is adegvate




/9/017"? Gu}cvt a ﬂlfa‘]/am }/ou Loy ﬁonjlé/é’/' ffl& “Chec/(e/‘ boa/o/ )

co/lom'? of the plone "7 so Wt bave the Yoch surtace
eq. 7
gL )
w
exercese: |F D is a/fC/"'ﬂﬁ;’}‘ and the oravge

then 34 45 the bou/l/a/y
of ore of these surfaces
oud S, the othe,
y Il B

/
Hint: 10/1410/9/ ///\/ % 5//”«6;7 ///\///////L

/ /

— / — /, /
port Y /,/l 1
O’F a ///\’.// //'/// ,//r-/
ﬂfwja/am /\

now[g{ 5 be any state with one less 8—?/4fﬁy/;¢ than S,
so the oly Atferene & at one place whese

o(,)--.gs o
] * ’-7 ¢ .
55 s

l-/ e chuands o and 4 are on /47458/&47” cl/p/ej

thea 15| < /s, | O O w

in 5.8 n 5‘

of « ad p are on same crcle then

[s] >[5! @ @
" 55

mSs

s0 we need to see second case cant o wen
recall circles v 5p bewnd Aeshs (ovnge or tlack) dojecrt

Fowm D so F case 2 lagpens we see



" % $o we can 74;49/ oo ewbhe S S’
s hwz}}; D net reduced &

9(!/‘644 a Lﬂh/&ﬂf Po[/vnomm/ fl¢) Aenote
max + = max wial o(e/afeem[ Fom
mu F = munsl | o
/eMMQ 1
let D be a comected dta7/aw1 wd"ﬁ n cfosﬁtiys
) max <D> < N+ 2| 5AI -2 wth= D i A adegyate
wmui {D) z -n- ZISBI+Z “ n B a6[€7dm‘€.

]I) l SA ’ + [§8/ £ n+2 u T al‘l'e/‘naf'lhj

we prore thy later | but aow

Th¥3:
Jet D be o comzedeo/, N-cross zZA/ dzc}]/awz 0760 lik L

and V[ (©) 1t Jones po(ynomc&[

'ﬂuem Max\/t'_"mwi‘/l'__ <n wn"zi éﬂ/a/ﬂzy (’F D
9 S— M =

G /j{h //75 a[fe/naﬁny and reduced.

we

ofcvb{l) (':rV" )
U C{ea/l:/ Tact L follows |
Prook: vecall whstituting =A™ vito (7°"<0) gues V()

s0 48,V = B {D) = max{D? ~muni{D}
& Ne2lS)-2 - (-n-2155] #2)

z2n+2([5)) + 151D -4
52‘4-1—7,04-?2)—# =t4n v




iof D s a/fefﬂa'ﬁﬁ aud /ec&l&f&/, e o /s aa/pfwﬁ
$o {EMM07.I> says _’Lﬂf £ s =
lewpar (IL) says 2ad < 5 = so oue! &=

P/‘oo7C o7£ /emmq 1:

| 7<) RN 1l |
I) for a state s set {S>=AMS ¢ (AAT)

so {Dy = Z <57
g /475;1‘ ¥€/ ma
now (%)= a aad (2(54)=0 %P ('A‘)“H

50 MW{-SA}: n+2ls,[-2
suppose S has owe less A ;mooféryy tou S
thea  o(5)-p(s') = s)—fs)-2
and )s'] = 5] £| [/e,oena[wi/ o cecles
merged or .y/d‘)

mox<s>
50 max {S) = max{s) -2 12 =) o
max{s? -

911'/01 any stete S You gef It Kom 54 1,.7 switchmg some
A smoottias o B fmoorfn:i/zr
we tan dp M5 one -by -one to jef ShiEs
5% 54,5, e 75

where each 5,2 Spuq seithes one A b a £
From above we se€ man {5 Zmax (5,72 .2 mex (5 :man S}
50 ﬂ// Yerms n {D) heve a/e?nee ¢ Mex <§4> =4 +Z/$,+[-

note: smce  max {50 = n+21-2  then max D) wll alss
be n+2lsil-2 onless the term i {547 15 caucelled
by a term of come /52/0/‘66_ wi sy for some S

A D A-adeyunte thea b ary stofe s dbferiy Fom
5,4 Ay Chaﬂgtﬁ? one. Afo a B we hae



[$1< 1541

50 From above max <)< maxd

. Hom above any State At et Fomr $q

5af7'57€3_; ths sp the N+ s, 1-L ferns un <5A>

cant be comcelled 1 (DY and mapc{P)zu+2l5]-2
The stafement— for mun (D) and B-adeguate didg coms o

switlar (o0 same. € you congide, m( Qz_/

I) le prove [S4]+1Sg] & n+2 éy 1iductzoer o A

D
Base cage: n=0  thes we bave ()

only one stafec so 5= %=P
and 53] 4155132 = O+

/nduchbeiy assyme trve for dm’;/am wtth n=| cp s,{zd/os

et D be a all%/v/'am Wity n CfO!!lt;}oj

Fix one 5/0551&/ ¢ and nofie that +- af lkacF
one choice of 5mooﬂu'y resul titg o(:y/am ?' s comectol

Svppec this was on A'smooz’ﬁzby Z’f’/‘ ;éoar‘
. a
(othes case smilar) do,::% 58}’2“&
then S for D and éA fr D' /}abr(' ayay
A o

we call Hhy 5/-\, o cla/tﬁ-r
ore the same : 54"5,4'

as oo cussed above )5B’ - ISBI[ il/'wi/uc{w;: h)’ 4 othe sty
thus [5,( %] = ([ #1351 1 =(n- ND+22t| ¢ n+2
s9 done

we are left to sae [54]+155] = nt? if D a/fc/na,ﬁ)y

We /e/ay this wn#bll leter (need Eules characteristi) .



F. lecture Su//o lerent : Othe /aa/y”omm} /s

s0 what (s the most- genernl  pol ynomm'/ AvrAtant  you can
defwe vswig the sket velatou above ¢

(t 15 not- foo had to show thee & a Upue fenction
farrem‘e/ /Mﬁs] —_— Zf[;ﬁ” yi{l Z_:/]

K — - f
54{2‘5&',37 A emhaof’ =1
B) + X, K_, avnd K, have dléyrams relatest éy

.'"i— & % ') A

. /\/‘ llx /‘ ‘ \‘(1(

~7 DIK,) DD Dlk,)

the _

4 'xfj(++y Fk_ * Zc{o =0

Subfﬁ'{uﬁif/ Xy, & for any ,oo/ynomza‘/5 (n @y v ables 71:1?; @
polynomal satis 76//1/1/ a skew relation, ond any sl polyroma
Lomes from thir. % B s “the mest gentrel " shewn polynoma

- Yo LY
eg. Adt)= B (-1, t7=¢")
NOER ACELY %)

exercise:
54014/ g( {-J' a Aomo;e//leoaf ,oo[ynomz'a/

bwen tis we can furn /0,( mto a non-—hom?eﬂgauj Foélnomm/
w 2 warables (/ué'f‘ et one of the vertables é’?m/ 7o
a Yunction of the o{'ﬂefs)

the wiost cammon way tis 15 ctone i b Se{—(-ziy

-1
xsa, y= o, g=-2
or -1
z=m

’

x=A , y=.€



Any of these 2 weaille /véxnam:é/ s 5 called the HOMFLT
[or HOMFLYC-PT or FLYPMOTH or the Genamlieed
Jon&) /Jal_yVIDM(é [

it was dicovened i the late (130 by 2 grooups
Hoste, Ocneanu, Millett, Freyd, Lizkorish, ond 7 tte,
lafzfycki and Traczyk

There s also a ﬁe;/IE/‘a//?Jﬁ‘op, of the Jomes lao/ynamw}/
as ﬁ//aws

Fac € There exst a (,(rz(iwe, ﬁlrzcﬁ.on

. ) on D/Ie/"‘e?{ —_— Z[Zil’ Q@ i"]
[ 7'{/,;,/( didg roms

5(/th hat ) /;L D+, D,, Dc, D@ ore /‘8[0&-'{?0{ éf
R =
.. ~p ‘”Do .

De

Do

N I+ [0]- 2([2]+[00])

) R, Py ] Al
(5040w [F1TT]
(3) [lmhnuf] =1

&) F D ond D' are /e/af‘fe/éy ReAemeicte
type 2 or 3 moves thea [0]=[D]

NnoLy jujf' as we Ad to get o lok hworaat out- of the
Koutbman bracket we Aeduwie

K la2)= P[0} vhese D is adligam for L
and recall o & the writhe
K. & cald the Kautfman 'po(ynomzé/ of L




feca[/ “he /(au#man brachet satoches
(D= A +AE)

T KD XY A0 (D)
and (18 = g0y and )= A{))
Lo F(A) = K (A+AT -4%)
and bence V, (€)= )(L(fmr*f-%f -¢7%)
enerases: _ .
) Ky =K, ¥ Ls L with onetaton revesed

‘L)K(L\[Za) )(L['&a ()

3) K = (ta™) 2 '- I) u//re/e_ Q ¢ 4 Covmponeirrt—
ol » O O ... O
—~—~ N

¢) KL' = ((ata) ™ )< K "

wefe L (/Lz (:5 j“{.f’ U’“a-ﬂ
L, and L, where they are

9&/&(1‘6&7’ Ey an Nt

g wled a
;) KL.’#Lz = k"l.kbb “/Aefﬁ L, #L" tonnect

vm o
@ @ = H sl_t and LZ
We have now seen all the “waustream /o/ynamzb/;
({he/e (-s a[5o he /}'poéfdomf'a/,éu{' 7w*€€ d,'#g/e,,{—)
lets end with 58614’17 bhow/ o powe Th© 3 z) 05/57 K
recall Th%5.10) says
/7[ D a/to/ Dld/e reduced a/ff’/naf?n‘j o/(é'//am_r 7§/ an

orrented hik L 1S p)- c5(p)




KL (s a /o/}/nomw;/ w6, 2 and a
we can wrife £ as  [0] = T pae’ where p,a) € (2]

j(«rel/l a dm7,raw, D we Sa;/ s b/ld/'.?e /g,,y.-{»&, )é[D)) s the manwc
nowlser of consgcutive overcrassidgs 1o D

’\\::fl/’_‘
%/

note, iF # Crossings of D >0, fhe, L()>0

/émma 7’
let D be a lnk o((&//am with n C/OSSI'/Ijj ond

brw'/;e /er}f th b.
Then

Mm(/uéfm M’Zo")( /'(D —‘-M—é

note:

——

1) [epma s eyuu}a/:?m‘ fo  p,la)=o0, vV 224-b
2) F D s a/fe,waﬁr}/, thea b(D)=1 so nlD)-blD)=n-

/eMMa 10:

e D be a comected alte rotivg o/cc}’a/am wth nz2 6/055"”}&5
Then @) Pola)=ria-a*) re&, rzo
G) F D« pra:vtf and reduced |, then v >0

heve D prime weans + 3 a crcle m R Lm‘f&fecﬁhj D i
2 places (and chnsmse/y) ,Hen ou one sde of the
crcle D is )a,;(’ an arc (12 no c/0551}y5)

g! :;Faaecﬁ;}f
D m. 2 fimes _ D=
Dlo/‘ume = o
D,= _ >

(22 f/uéae weans not a non-trwad connect fam)

gwen any D we can write (¥ as D=D%..#0, where D are gri



exetise: F Dy wonnected and prare, thean D rediced or

L\as on’y one c./ossr'y ( OO @ )
) , e
Poof of T495.10):

/3'(' D 0’76/ Dl éf 60#2543({('4 /tfé&i(fﬂ{ 0/'(3/140‘61}7 0’(&//‘0”45 103/
ame ik

Qw(D)[D] - KD= KD' _ aw(D')EDf]

s0 [0 @@ *®)rpq

WE COn Wit D"'D:#'“Qe with D, prime
0/16{ .DI; p,,‘#’--- -De' WI‘(Z' DZ', ID/:M-e

tompair the éoeﬁ‘z'cfe’nf of the /tzj'aeér“ ol of g:
Tr, (ata ")M" = me -0 T 7 (a<a ")M{
the 7, and /,‘,’ *0 éy lewrwrz, ]
(here we ve thot bgest poen of Ky 5 7, (aea”)
it 7 %0 Prowr lewma T and
taeruse above: kL,#L-, = KL,. kc,_,,)
Note lett bhaund sile 5}/Mn/5'l<ﬂé 1 a G bort /i&/f‘
havd side wont be F (D)% e (DY)

. _ ,)
WD) = (D =

P/W?L 076 Jemma 10 Jgufén levrma 1

Wl wduct on n
Base case n=1: 1 possibilites (vpto M‘/"/O/""’/)

ke S Fel puf=A@=0(aca?) v

¢ K @) then check [K]= (a+a”) 2 t1-(ata~")e”
jo /92‘_’(@)=/,/a): i{a_fa-() l/

0 (1) gnd 2) Ove fr n=2



mduachpe step fo- ()

F D ot sreduced let D be /léj/qm with one O’F the
/ea(uch (./ossmj 5 removeo/

g D= [—D/_ = D’——
now D, D' o(la'i]famf ﬁr same ik so
aQID)[DJ - FD - FD' . a”w')io']
you Can check w (D)= w2l so
[0]= a*'[D']
but D' has n-( c/osflays 50 Pp (@) =0 v
F D i¢ veduted ten let Do=D ad D—-,,Do/ D, the
torresponduiy dtc'z/a/ams
D redwwed = D, ,D,, are comectd y{c&jmmj

note: D_ hay laﬂo//e /enffh 3 3
D, /‘R)X/\, - D ’FQ;\
| ~

so by lewma é, P;_., (a) =0 [here p;[a) 5 Prom Co%of
LD.] and 4/»‘11'/a/[7 0, and p;
we bave [D)=2(10]¢LD.)-[D.]

A O Pno-z (a)« P:; (2)
= (r°+r*) (a+a™) and r°«r”20

i ductire step b @):

M Shous D 00/(/48 = Do or Dda f/‘m’le, (nd theretare

reduced by exescise above)
" from above P,h,(a):(fo-ff"") (a+a™") and

by 1iductipn one of 7° or 70 Vi



P/‘OO?C of]erMMaCf-'

/)/oof %} by isducton ou (/l,n—lo) [ here (ap)<(c,d)
@ a<c or (asc and bed)
base case n-L=0:

exesusé: In tas case D o a ﬂ(m/o,fam For O

_l'_/.’:"_(; 540\/ you cCaa baverse one aonf}ﬂonenf

7N\ ) of D st f_f:e trst twme e bt cacl
N 4 Crossmg (G an e c rossig emd
u all otther LoM/bnAem‘s ﬁd&caj Ut Ants

. = U(D) = CJ(D) ~ -( /L',
(0] =a Kok a [[m—a )z ,/)

50 S0 /Oos-zﬁc;e powess of 2

7€ pz[a)::o V 720=u-)

Mﬁ/uc,ﬁuté S)‘eﬁ u-b>0:
tonscder a C/of{/;éf ¢ af one ed a7£ a lorm';og o'l[ D

of }e’mﬁ% b \

s0 that ‘é/ e /\ , / /
Aoes not pass

ﬂz/‘oajln C

et D.=D (focus on <) angd D D, D the related
dhograms
note: D hos br/oéoz /em/;‘é z bef
and D, Dk have = n-1| C,/OSSM/S aad
bﬂ/ye /e-n'y{h 2 b
by wducton  pi = on=f,'w:0 F 1ru-b-|
nov [p]=2(La)+(0.]) - (0]
wop =0 F 12b-1




s0 we are done ynless there s np sych ¢

s lm//’eﬂf whea the b/9e (5 one zowWanE/n" O‘F D
\ ~

¥
/

/
or when b/m/jg cottatns ¢ agawt
\ 1
AN
T\

l

C

-

m the Fi st case D s equthent 1 D" (vig Reclewerste o),
ond TE) wores) whesre D' has less crosstngs

L0)=L0T and Aone b}/ Md’uaﬁo-”
W Hee second case can get D' by elles wistiing leey
ond [D]=a?[p] and D' has 4 Crossmgs
50 done éy 1 duction) Z

M For the record Tait hadt 3 wawn tonjectures. The 2 above
i THES and the ﬁ//ow;y one:

a ﬂ%ﬁ 15 the 75//0'—/1"7 opesption on link o/@ymms

/"——-“; "/— . or with crossings
:/\’:@:: = surtched 7
T N o/t.anol
Tact can//.ec\‘ufg.m—: (/
i D, and D, reduced a/z‘e/mﬁh/ Ay rams of L

Then D and D, are related éy -F/y/aes

note: I) 722[(‘ Ir = il
2) 7:“'{ _ZZE pfoveo( éy Meuasco —ﬂl.}f‘/&‘dlh/al‘f’e 1921



