
: hit AT
'

"
l K+ ) ⇒ EAT

' "
like > =  EAS

'

Fe
,

Fy
.

= TAP
"

"

( K . ) ⇒ EAT
' "

( K -
) =  EAT Fk

.

F
ko

=  C-A )
- ' "

4k .
)

and we have

A
''
Fk

,

- A
-4

Fk
.

- IA
' '

-AT Fk
.

-

- O

L#

note . if we set Y,
Itt = E ( t

'
 "

4) then we see Vk satisfies

At
Hk an invariant of isotopy class of K

B ) t
- '

Ya
+

- t Vk
.

- I t
' '

'
- t

' "2) Y,
o

-

-

o

C)
Yuh

not

= I

ie
. 4k is the Jones polynomial !

and now we know it is well - defined !

E
. Alternating Links

a knot diagram D is called alternating if over and under

crossings alternate as you traverse the knot

④
alternating of alternating

a link is alternating it it has an alternating decigram

an alternating diagram is called reduced it there is

no embedded circle in IR
'

intersecting the diagram e

transversely one time at a crossing

Tetouan ? Tunis
'

Ein ,

⇒ ④



exercise .
show it D is an alternating diagram and it is not

reduced then a sequence of "

flips
"

as above will give
a diagram that is reduced and alternating ( with fewer

crossings )

In -9¥Tai 't conjectured the following two results

( and a 3rd)

Th '
5 :

I ) If L has a reduced alternating diagram D then for
any

other diagram D
'

for L

# crossings of D
'

Z # crossings of D

in particular L knotted ! I unless D has no crossings )

II ) If D and D
'

are reduced alternatingdiagrams
for an

oriented link L then
w (D) = w I D

')

These are Amazing ! with no more work we know

O ( and are different

by I )

and
.

are:::*::::::÷ .
"

Remark :

D I not true in general

⇒

w = LO

each has 10 crossings (
"

10
,ji and

"

10
, si )

but knots isotopic ! I try to show this )



these knots we thought for delate des to be different

then Perko in 1970 showed they were the

same ! called the Perko Pair

2) above theorem was proven in 1980 's after the

discovery of the Jones polynomial
Proven by Kauffman

, Murasugi ,

and Thistlethwaite

(independently ! )

We will prove I
,

but I is somewhat similar

( though need better polynomial ,
see

lecture supplement)

Recall for a stale s of a diagram D

Y,
a C s ) = number of A - smooth ings of s

A
t JB pls ) = number of B - smoothing s of s

) ( I 1st = number of components of s

and (D) = I ANS
) - Bcs )

FA
. z

, ay
1st - I

all states

S of D

let sa be the state with all A - smooth lings and s
,

similar for B

call a diagram D
,

A - adequate it
ie .

switch one

I sat > Isl crossing to a B

for all states s with a Nsa ) - I

similarly define B- adequate

call D adequate it it is both A and B adequate

lemma 6 .

A reduced alternating diagram is adequate



Proof . Given a diagram you can consider the
" checkerboard

"

whoring of the plane

⇒

so " " " urine

exercises?.isma!%:::÷
.

and me orange

of one of these surfaces

and SB the other

Hint Consider

µ
,

all B

. :# " "
"

"
diagram

now let s be any state with one less B - splitting than s
,

so the only difference is at

one
place where

L - -

s
B - -

s

it
.

→

S
B S

it the strands a and p are on different circles

then

Isle
Is

,
I O O

in SB in S

it a and p are on same circle then

1st > Is Bl @ ⑧
in SB in S

so we need to see second case can 't happen
recall circles in SDbound disks I orange or black )

disjointfrom D so it case 2 happens we see



" '

sin:it:&::c::e¥¥
'

given a Laurent polynomial f It ) denote

max f  = maximal degree of t in f

min f  = min viralu a  u  i '

lemma 7 :

let D be a connected diagram with n crossings
I ) max ( D ) E ht 21 Sal -2 with = if D is A adequate

min L D ) Z - n -

215,31+2

u it B adequate
I ) I Salt Is BI E n -12 "  " is alternating

we prove this later
,

but now

That 8 :

let D be a connected
,

n - crossing diagram of a link L

and KH ) its Jones polynomial

called ma×m
± n with equality if D

breadth
is alternating and reduced

.

oatenoed
" " "

Clearly Tait I follows !

Proof . recall substituting t -

- A
-4

into I - IT
" " "

LD ) gives Vale)so4 Br Va = Br ( D) =
max LD ) - mini SD )

E n -121Sat -2 - ( - n - 215,31 -12 )

= 2n -1211t15,31 ) - 4

± 2n -12 Cnt 2) - 4 = 4 n ✓



it D is alternating and reduced
,

then it is

adequate

So lemma

7.
I ) says

1st E is =

lemma

7.
It says

2nd E
is = so done !

L#

Proof of lemma 7
.

I ) for a state s set Ls ) = Ad
's ' - B " )

fairy
" - I

so (D) = Is t s )

) largest term

now x ( Sa ) = a and B CSa ) = O Aa
- A

f-Ayla
- I

SO Max 4 SA ) = n +21 Sal

Isuppose
s

'

has one less A smooth wig than s

then a I s
'

) - p I s
' ) = des ) - Bcs ) - 2

and I s 't = 1st It I depending it circles

merged or split)

mass )

so max L s
' ) - Max l s ) - 2+-2 =\morons , - y

given any state s you get It from SA by switching some

A smoothing to B smooth ings

we can do this one
- by - one to get States

So -- SA ,
S

, ,
. . . Shi S

where each s
,

→ set ,
swathes one A to a B

from above we see max Gal Imax Ls
,

> Z
. . .

I max Csn ) -

-

max 457

so all terms in LD ) have degree e max Lsat = n -121 sat -2

note since max
= ht 21 sat -2 then Max LD ) will also

be ht 21 Sal -2 unless the term is GA ) is cancelled

by a term of same degree in
-

s s ) for some s

it D A - adequate then for any state s duffer ing from

SA by changing one A to a B we have



Islets At

so from above max 67 < max Lsa)

:
.

from above any state different from sa

satisfies this so the n -121 Sal - L term in GA )

can 't be cancelled in LD ) and max LD ) -

- n -121ft - 2

The statement for min LD ) and B - adequate diagrams is

scimitar ( or same if you consider m l DI ,

I ) We
prove I Salt Is BI E n -12 by induction on n

Begin
-0 then we have 0

"

only one state so Sa
= SB =D

and I Salt

14.31=2

= 0+2

Inductivelytrue for diagram with n - I crossings

let D be a diagram with n crossings
fix one crossing c and notice that for at least

one choice of smoothing resulting diagramDp'

is connected

think about
suppose thiswasan A - smoothing

this it you ④( other case similar ) don't see it

then SA
for D and sa for D

'

right away

-

we call this Sa
'

for clarity

are the same : sa -

- s's

as discussed above 15,31=1 spit inductive hypothesis

thus I sat -115,31 = Isa
'

I t Isil It EX-1) +2 It E n t 2

so
donee

we are left to see I salt Sol = n -12 it D alternating

we delay this until I later ( need Euler characteristic )
#



F
.

Lecture Supplement : Other polynomials

so what is the most general polynomial in
- variant you can

define using the skein relation above ?

it is not too hard to show there is a unique function

{ oriented links ) → # [ x
' '

, y
' I

,
z

' ' ]

K I - Pu
← Laurent polys

in x
, y ,

Z

satisfying A) Ponhaot = I

B) it K+
,

K
. ,

and Ko have diagrams related by

ii
Dl K+ ) DIK -7 Dlkd

then
xp puty Pk

,

t ZPk .

= O

Substituting x. y ,
Z for any polynomials in any variables gives a

polynomial satisfying a skein relation
,

and any such polynomial
comes from this

.

So Pk is
"

the most general
"

she in polynomial

e.g . Did t ) = Pull ,
- I

,
t

' " '

- t
' ' 4

Vkltl =
Pk C t

"

,
- t

,
E-" '

- t
' ' ' )

exercise
.

show Pk is a homogeneous polynomial

Given this we can turn Pk into a non - homogeneous polynomial
in 2 variables Geist set one of the variables equal to

a function of the others )

the most common way this is done is by setting

X = d
'

, y = - a
,

Z  = - z

or

X =L
, y

-

- e
- t

,
z  = m



Any of these 2 variable polynomials is called the HOM FLY

( or HOM FLY - PT or FLY PM OTH or the Generalized

Jones ) polynomial
it was discovered in the late 198 Os by 2

groups

Hoste
,

Ocneanu
,

Millett
, Freya,

Lickerish
,

and Yetter

Prztychi and Traczyk

There is also a generalization of the Jones polynomial
as follows

Fact . There exist a

unique
function

[ . y .

.

un oriented

{ link diagrams } - ZEE '

,

a
± . ]

such that is it Dt
.

D-
 ,

Do
,

Do are related by

: :
' '

Dt D
- Do Do

the "

[ Did + [ DI = Z ( [ Do ] t [ Do ] )

"
. al : and at:

⑦ [ unknot ] = I

(4) it D and D
'

are related by Reid emei ster

type 2 or 3 moves then [ D ] = [ D
' ]

now just as we did to get a link invariant out of the

Kauffman bracket we define

Kia ,
z ) = a-

w ' D)
LD ] where D is a diagram for L

and recall w is the writhe

Ke is called the Kauffman polynomial of L

( note this is an invariant of oriented links ! because of WID ) )



recall the Kauffman bracket satisfies

( ¥ ) = A I ) t A-
'

t >

so

( x ) + f X ) = Htt ' ) ( LHtf ) )

and
spy = - A 's ) ) and = - A

' I ) )

.

'

. Felt ) = KL C At A-
'

,

- A
' )

and hence Va I t ) = Kelt
'

Htt
- "

4
,

- t
' ' 4)

exercises :

i ) Ki = Kc it I is L with orientation reversed

2) Kmart Zia ) = Kit ,
a

-  ' )

3)Koh = I Cata
-

1) E
'

- 1)
k - '

where Oh c k component

out
. I O O . . .

O
-

4) KL
,

uh
,

= ( I at a
- DE

'
- 1) Keiko

,

k

where L
,

uh
,

is just union

L
,

and Lz where they are

separated by an IR
'

←
called a5) Ka

,
# Lz

-

- Keiko
,

where 4 # Lu
connect

④HD ⇒ Diff
sum  of

L
,

and Lz

We have now seen all the
"

mainstream
"

polynomials

( there is also the A -polynomial,
but quite different )

let 's end with seeing how to prove The 5
.

I ) using K

recall Th "
5. I ) says

If D and D
'

are reduced alternatingdiagrams
for an

oriented link L then
w (D) = WID

')



KL is a polynomial in z and a

we can write it as [ D) = I p ,
Ca ) zi where p ,

ca ) E Z Ca 't '3

given a diagram D we say its bridge length ,
BCD)

,
is the maximum

number of consecutive over crossings in D

t t
-

b

note
,

if # crossings of D > 0
,

then b CD) > O

lemma 9 :

let D be alink diagram with n crossings and

bridge length b
.

Then
Max degree in Z  of KDE n - b

note :

1) lemma is equivalent to play = o
,

V I> a - b

2) it D is alternating,
then b (D) = I so n CD) - BCD) = n - I

lemma to .

let D be a connected alternating diagram with n 22 crossings
Then a ) pm ,

(a) = r la - a
-  ' ) r E E

,
r I O

E) it D is prime and reduced
,

then r > O

here D prime means it 3- a circle in IR
'

intersecting D in

2 places C and transversely)
,

then on one side of the

circle D is just an arc he . no crossings)

D= =D him:b " "

D prime ⇒

"

I:S
I re . prime means not a non - trivial connect sum )

given any D we can write it as D= D
,

#
. . .

# De where D
,

are prime



exercise it D is

connected

and precise ,
then D reduced or

has only one crossing
,

⑥
,

. . . )
Proof of Tha 5. It .

let D and D
'

be connected
,

reduced
,
alternating diagrams for

same link

aw
" "

[ D) = Kp = Kp ,  = awl " )
[ D

' ]

SO [ D
'

] = a
OLD ) - WID

' )
[ D

, ]

we can write D -

- D
,

# . . . De with D
, prime

and D 's D
,

'

#
. . . De

'

. with De!prime

comp air the coefficient of the big est power of z :

Tlr
,

'

Cata -7mi
= aw " ) - WD

')
Tyr

,
( a + a

- Dmi

the r
,

and ri to by lemma 7

( here we use that higest power of Kp
.

is r
,

Lata
-  ' )

with into from lemma 7 and

exercise above . KL
,

# La
= Kii Kc )

note left hand side symmetric in a
,

a
- ' but right

hand side wont be it w CD) # w CD
')

: . WCD ) = OLD
' )

L#

Proof of lemma 10 given lemma 9 :

we induct on n

Base case n -

- z : 2 possibilities I upto mirroring )

it K -

- I Fk = 1 pal a) =p , (a) = Oca ta
- t ) V

it Ki ⑨ then check Ck ] = Cata " ) Ztt - Cata - 1) z
- I

so pz . ,
lat =p ,

la ) = 1 ( at a
- i ) ✓

so i ) and (2) true for n

=L



inductive step for Cl ) .

it D not reduced let D
'

be diagram with one of the

reducing crossings
removed

e.g.

D= ⇒ D
'

-

-

µD=④

now D
,

D
'

diagrams for same link so

a

" D)
LD ) = Fp = Fp ,

= aw 'D "
LD ' ]

you can check w ID ) = w CD
' ) II so

[ D) = a
't [ D

'

]

but D
'

has n - I cross wigs so pm ,
la ) = O V

if D is reduced then let De - =D and D- ,Do , Do the

corresponding diagrams
T

focus on any crossing c

D reduced ⇒ Do
, Dy are connected diagrams

note . D
-

has bridge length 3 3

-
D .. he

,

→ D-

he
,

so by lemma 6
,

Pri,
(a) = o I here pjca ) is from coeff of

we have [ D) = HE Do ] + I Day ) - [ D. y

"
- ] and similarly p : and pp )

: . pm ,
la ) = pi-da ) t pom la )

= ( rot r
- ) I at a

- i ) and rot ro Zo

t induction since D ? Do have n - I
crossings

and are alternating

inductive step for K ) :

exercise . Show D prime ⇒ Do or Do prime I and therefore

reduced by exercise above )

:
. from above Pn . ,

(a) = ( rot rt ) C at a
- ' ) and

by induction one of ro or r -
70

#



Proof of lemma 9 .

proof is by induction on ( n
,

n - b ) ( here laid a ( c
,

d )
⇒ a cc or La-

- C and bad ) )
base case n - b = O .

exercise In this case D is a diagram for Ok

Hint : show you can traverse one component
of D set. the first time you hit each

go.sosiise.in::ammo .

:[ DI = aw 'D )
Kon = a

OH )
( ( at a

-

Y z
- t

- 1)
h - I

so no positive powers of z

ZE p ,
Ca ) -0 t 2 > o -

-

n - by

inductive step u-b# :

consider a crossing c at one end of a bridge of D

o

:
'

:#stage
Httdoes not pass w

through c
b

let DED I focus on c) and D-
,
Do

.
Do the related

diagrams

note : D
.

has bridge length Z bet

and Do
, Do have

E
h - I crossings and

bridge length I b

by induction p
-

i  =p ? =p
?

= O it a > n - b - I

now (D) = Z ( [ Do ] t CDS ) - CD )

:
. p ,

-0 it 22 b - n



so we are done unless there is no such C

this happens when the brig e is one component of D

or when bridge contains c again
'

in the first case D is equivalent to D
'

( via Reid em ester I )
and HI ) moves ) where D

'

has less crossings
'

.
. [ D) =CD '3 and done by induction

in the second case can get D
'

by ethnic noting loop
and [ D ] = at ' CD

'] and D
'

has - n

crossings

so done by induction #

Remark : For the record Tait had 3 main

'

conjectures .

The 2 above

in
 THE 5 and the following one :

a Hype is the following operation on link diagrams

is
or IiEiner: sings

oriented.

Tait conjecture HI . f
If D

,
and Dc reduced alternating diagrams of L

Then D,
and Da are related by f-types

note : I ) Tait II ⇒ Tait I

2) Tait HI proved by Menasco - Thistlethwaite 1991


